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Abstract: When phrased in terms of Hausdorff convergence, M. Gromov’s almost flat manifold theorem states 
that if a compact manifold M admits a bounded curvature collapse to a point, then a finite cover of M is 
necessarily diffeomorphic to a nilmanifold. It is then tempting to ask whether the prescription of more general 
Hausdotff limits will still place some kind of homogeneity conditions or other severe restrictions on a manifold, 
or, in fact, whether a compact manifold can even be topologically characterized by the bounded curvature 
collapses it allows. In this paper, we study these questions in mainly the solvable category. Improving earlier 
works on this problem, and solving a conjecture of Fukaya, we first show that if a compact manifold M admits 
a bounded curvature collapse to a compact flat orbifold of arbitrary dimension, then a finite cover of M is 
diffeomorphic to a solvmanifold. As a partial converse to this result, we obtain the theorem that any compact 
infrasolvmanifold M admits a generalized Seifert fibration over a compact flat orbifold, and a sequence of locally 
homogeneous metrics such that M allows a bounded curvature collapse to this orbifold. Locally homogeneous 
collapsing metrics with bounded curvature and diameter are also constructed on any infrahomogeneous space 
which is modelled on a Lie goup whose radical is nontrivial. In the topological category, the above results already 
lead to a metrical characterization of infrasolvmanifolds in the spirit of Farrell and Hsiang. However, in the 
smooth setting, the situation is quite different, and for an analogous smooth characterization our first theorem 
would have to be appropiately sharpened. Indeed, we show that the classes of compact smooth manifolds that 
admit finite coverings by homogeneous paces are in general strictly bigger than the corresponding classes of 
infrahomogeneous spaces. In the standard literature on the almost flat manifold theorem, this crucial distinction 
has nearly never been made. Finally, we investigate some stability and closedness properties of classes of 
infrasolvmanifolds under Hausdorff convergence, give an account of the history of the results presented here, 
and discuss some related open questions and conjectures. 
Keywords: Almost flat manifolds, solvmanifolds, collapsing, infrahomogeneous spaces, locally homogeneous 
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0. Introduction and statement of results 
The present paper is concerned with the study of solvmanifolds and infrahomogeneous spaces 
from the point of view of the theory of convergence and collapsing of Riemannian manifolds. 
After in Section 1 the relevant notions and preliminaries have been provided, in Section 2 we 
first use recent work of T. Iwamoto [ 151 to improve earlier results of the author [23] to a metrical 
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pinching theorem that generalizes M. Gromov’s theorem on almost flat manifolds [ 111 from point 
spaces to flat orbifolds: 
Theorem 2.1. Let a closed smooth manifold M allow a bounded curvature collapse to a compact 
flat orbifold N. Then a$nite regular covering of M is diffeomorphic to a solvmanijold. 
Note that Theorem 2.1 holds for limit spaces of any dimension. We consider orbifold instead 
of manifold limits because we are also interested in obtaining some sort of converse to the above 
theorem. Our next result is closely related to this matter: 
Theorem 2.2. For every closed infrasolvmanifold M there exists a compactj?at orbjfold N with 
the following properties: 
(a) M admits a generalized Seifertfibration over N; 
(b) M allows a bounded curvature collapse to N. 
We note that Theorem 2.2 also applies to all closed complete flat affine manifolds M whose 
fundamental groups are virtually polycyclic (cf. Section 4). 
As a by-product of the proof we obtain the result that there is a sequence of collapsing lo- 
cally homogeneous metrics on any infrahomogeneous pace which is not modelled on a purely 
semisimple Lie group: 
Proposition 2.1. Let M = A\G be a compact infrahomogeneous space which is modelled on 
a Lie group G whose radical is nontrivial. Then on M there exists a family (gt)OCEzil of locally 
homogeneous Riemannian metrics with uniformly bounded curvatures and diameters, such that 
for E + 0 the injectivity radii of the metrics g, converge to zero. 
Note that Theorem 2.2 is motivated by (and proves one part of) the following conjecture: 
Conjecture 0.1. A closed smooth manifold M is diffeomorphic to an infrasolvmanifold if and 
only if it allows a bounded curvature collapse to a compact flat orbifold. 
That instead of generalizing Theorem 2.2 indeed the conclusion of Theorem 2.1 should be 
strengthened is suggested by the work of Ruh and Ghanaat [21, lo] and an example given at the 
end of Section 2. Furthermore, in the first part of Section 3 the following result will be established: 
A closed manifold which allows a bounded curvature collapse to a compact flat orbifold is 
homeomorphic to an infrasolvmanifold. 
In the topological category this result already yields the desired metrical characterization of 
infrasolvmanifolds by convergence concepts: If one follows the lines of Farrell and Hsiang [4] and 
extends the concept of bounded curvature collapse to closed manifolds which do not a priori carry 
a fixed differentiable structure, together with Theorem 2.2 the above clearly proves the topological 
analogon of Conjecture 0.1: 
Proposition 3.1. A closed topological manifold M admits an infrasolv structure tfand only if it 
ailows a bounded curvature collapse to a compact Jlat orbifold. 
Working in the topological setting also allows to show that the class of infrasolvmanifolds 
enjoys a surprising stability property under Hausdorff convergence: 
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Proposition 3.2. Let a closed topological manifold M allow a bounded curvature collapse to a 
closed manifold carrying an infrasolv structure. Then M itself admits the structure of an infra- 
solvmanifold. 
We expect that Proposition 3.2 holds in the smooth category as well. 
In Section 4, we discuss some related questions and problems and comment on the history of 
the results of this paper and their connection with previous investigations. 
The author would like to thank the IHES for its hospitality and G. Fels, P. Ghanaat and M. Gro- 
mov for helpful conversations. 
1. Background and preliminaries 
In this section, besides introducing the relevant definitions and terminology, for convenience 
of the reader we also present some important results employed in the sequel. 
1 .A. Solvmanifolds and infrahomogeneous spaces 
As usual, a solvmanifold denotes a homogeneous pace of a connected solvable Lie group. 
Compact infrahomogeneous spaces are defined as follows: 
Definition 1.1. Let G be a connected and simply connected Lie group, K be a maximal compact 
subgroup of the group Aut(G) of automorphisms of G, and A be a discrete and cocompact 
subgroup of E(G) = G >a K. Then if the action of A on G is free and if A has finite index in 
G : [A : A fl G] < 00, the orbit space M := A\G is called a (compact) infrahomogeneous 
space modelled on G. 
If G is solvable, M = A\G is called an infrasolvmanifold. An infranilman~old stands for an 
infrahomogeneous space which is modelled on a nilpotent Lie group. 
Here the group law of G >a K < G >a Aut(G) is (h, k) + (p, 1) = (h . k(p), k o 1) and the 
effective action of G >a Aut(G) on G is given as follows: If (h, k) E G x Aut(G) and g E G, 
one has (h, k) . g = h . k(g). Any two choices of K are conjugate by an element of Aut(G). 
Since there exist in the literature different definitions of infrahomogeneous paces that are 
sometimes not equivalent (cf. Section 2), we would like to remark that the above definition stems 
from the following geometrical background: If V is the canonical flat affine connection on G for 
which all left invariant vector fields on G are parallel, then G x Aut(G) is isomorphic to the 
group of affine transformations of V, so that one often refers to Aff(G):= G x Aut(G) as being 
the affine group of G. Consequently, if A\G is an infrahomogeneous space, the covering group 
A/A fl G of the finite regular covering G/A fl G + A\G of A\G by the homogeneous pace 
G/A fl G acts by affine transformations of the induced connection on G/A fl G. 
Note that in the above definition, simple connectivity of G is just a convenience. For suppose 
G = G/ l7 is a Lie group with universal covering Lie group n : G -+ G, and A < G x K 
is a closed subgroup. Then since Aut(G) embeds in Aut(G), there exists a closed subgroup 
i < G A K, where I? is a maximal compact subgroup of Aut(G), such that A\G and i\G 
are diffeomorphic, and A acts freely and properly discontinously on G if and only if n has this 
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property on G. In fact, simple connectivity of G is incorporated in the definition for the following 
reasons: First, in this case A equals the fundamental group of A4 = A\G. Secondly, this yiels 
a distinguished biquotient representation M = A\G = A\G >o K/K of M which matches the 
definition of infrahomogeneous spaces common in topology 1251: Since K embeds in G as a 
maximal compact subgroup, the left coset space G x K/K can be canonically identified with 
G, and under this identification, the action of A on G agrees with the natural action of A on 
G = G x K/K induced by left multiplication. 
Also note the following: Let M = A\G be an infrahomogeneous space. Then it follows easily 
from the definition that one can always regard A as being a subgroup of G M F. where F is 
some Jinite subgroup of automorphisms of G, so that in particular one also has a representation 
A\G = A\G x F,fF. 
Let us now specialize to some facts on the topology of infrasolvmanifolds. If M = A\S is an 
infrahomogeneous space modelled on a connected and simply connected solvable Lie group S. 
then since S is diffeomorphic to a Euclidean space, we see that M is aspherical. so that A = nl (M) 
is torsion free. Furthermore, from the theory of lattices in solvable Lie groups 1201 one can deduce: 
Lemma 1.1. The fundamental group ofan i~frasolvmanifold M = A\S is \sirtuull\. poly-22. 
Here, if? is a property of groups, a group is said to be virtually Ip if it contains a subgroup of 
finite index having this property. Furthermore, a group A is called poly-Z group if it has a normal 
series A = Al D 122 D . . D Ak = {e) in which all factor groups A, /A,+, are infinite cyclic. 
A construction of L. Auslander and F.E.A. Johnson [I] gives: 
Lemma 1.2. For every torsion free virtually poly-Z group A there exists a compact iFfra.sol\a- 
man(f3ld M = MA having A as its fundamental group. 
The following result of F.T. Farrell and L.E. Jones ([5]; for the four-dimensional case see 
[6, Th. 2.161) will be used in the proofs of Propositions 3.1 and 3. 2: 
Theorem 1.1. Let MI and M2 be closed aspherical manifolds of dimension n # 3 with,fundu- 
mental groups being virtually polo-25. ‘Then any homotopy equivalence hetb\jeen MI and Mx is 
homotopic to a homeomorphism. 
Let us also note that the class of infrasolvmanifolds properly contains all solvmanifolds, whereas 
(as already the example of the Klein bottle shows) in general solvmanifolds can not be represented 
in the form S/A with A being a discrete subgroup of S. 
1. B Convergence and collapsing of Riemannian manifi,lds 
We now assemble the notions and results needed from the theory of Hausdorff convergence. 
For general and further information on this subject we may refer the reader to the articles [9] 
and [ 181. 
Definition 1.2. Let M be a closed smooth manifold and X be a compact metric space of (Hausdorff) 
dimension strictly less than dim M. Then M is said to allow a bounded curvature collapse to X 
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if M carries a sequence (gk)keN of Riemannian metrics whose sectional curvatures are uniformly 
bounded in absolute value, such that for k + 00 the metric spaces (M, gk) converge to X with 
respect o the Hausdorff distance. 
A closed topological manifold is said to allow a bounded curvature collapse to X if it admits a 
differentiable structure for which it allows a bounded curvature collapse to X. 
Here the (Gromov-)Hausdorff distance, introduced in [ 121 and yielding a metric on the set of 
isometry classes of compact metric spaces, is defined as follows: 
Definition 1.3. If A and B are non-empty closed bounded subsets of a metric space Z, the 
Hausdorffdistancedg(A, B)ofAandBinZisdefinedasdi(A, B) := inf{ E > 0 1 U,(A) > B 
and U,(B) > A }. 
If X and Y are compact metric spaces, their Hausdofl distance dH (X, Y) is defined as the 
infimum of all numbers dj$(X, Y), where Z ranges over all metric spaces in which X and Y can 
be embedded isometrically. 
Note that if a closed manifold M allows a bounded curvature collapse to a compact metric 
space X, besides the sectional curvatures also the diameters of the “collapsing” sequence (gk) 
of metrics on M are uniformly bounded. In fact, it can be seen rhat (gk) exactly satisfies the 
conditions of J. Cheeger’s and M. Gromov’s original notion of “collapse with bounded curvature 
and diameter” [3]. 
In the case where the limit space is itself a manifold, one has K. Fukaya’s parametrized version 
of the theorem on almost flat manifolds, the fibre bundle theorem ([S]): 
Theorem 1.2. Let (Mk)kE~ be a Hausdo#convergent sequence of m-dimensional compact con- 
nected Riemannian manifolds with uniformly bounded curvatures and assume that the Hausdo$ 
limit is a compact Riemannian manifold N. Then for sufJiciently large k there exists mappings 
nk : Mk -+ N such that nk : Mk -+ N is a smooth jbre bundle over N with infranilmanifold 
fibre r\G whose structure group is contained in the group Aff(r\G) of afine transformations 
of I-\G. 
Flat orbifolds will in this paper be always understood as “good” flat orbifolds: 
Definition 1.4. Let r < IR” >a O(n) be an n-dimensional crystallographic group, i.e., a discrete 
cocompact subgroup of the group of Euclidean motions of JP . Then the quotient space r \Iw” , 
equipped with the quotient metric, is called an n-dimensional compactjlat orbifold. 
Note that if in addition r is assumed to be torsion free, by this definition one precisely obtains 
the class of compact flat manifolds. 
For flat orbifold limits of special codimension, we have to employ the following result, which 
can be deduced from [24]: 
Proposition 1.1. Let a closed smooth manifold M allow a bounded curvature collapse to a 
compact flat orbifold of codimension 1. Then M is diffeomorphic to an infranilmanifold. 
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2. Collapses to orbifolds and collapsing infrabomogeneous spaces 
In this section, the proofs of Theorems 2.1 and 2.2 and Proposition 2. I will be given. We first 
show how to deduce from [ 151 and [23] 
Theorem 2.1. Let a closed smooth manifold M allow a bounded curvatwe co11up.w to a compact 
flat orbifold N. Then ajnite regular covering of M is diffeomorphic to a solvman~fold. 
Proof. Let (gk)kEM be a sequence of Riemannian metrics with uniformly bounded curvatures on 
the closed smooth manifold M such that the metric spaces (M, gk) converge to a compact flat 
orbifold N = r\l&Y with respect to the Hausdorff distance. 
Let r’ 2 Z” be the maximal abelian finite index subgroup of the crystallographic group r. 
Then by using equivariant Hausdorff convergence, in [23] it is shown that there exists a finite 
regular covering M’ of M with the following properties: 
On M’ there is a sequence (g;) of Riemannian metrics which consists of liftings of metrics from 
a subsequence of (gk) such that the sequence of metric spaces (M’, g;) is Hausdorff convergent 
to r’\IfV’. Thus the finite regular covering M’ of M allows a bounded curvature collapse to a flat 
torus T”. The rest of the proof is now a simple matter: 
From Theorem 1.2 it follows that M’ is a fibre bundle over T” with infranilmanifold libre A’\G 
and structure group contained in Aff(A’\G). 
Set A := G n A’. Then from the fibre bundle A’\G + M’ + T” one can construct a 
new bundle G/A + M” -+ T” with fibre the compact nilmanifold G/A and structure group 
A.ff(G/A), whose total space M” is a finite covering of M’. 
To this bundle one can now apply Iwamoto’s main result [ 15, Th. 3.11 which in the case of 
nilmanifold bundles reads as follows: 
Let M” be a fibre bundle over an n-dimensional torus T” = Iw”/Z” with nilmanifold fibre 
G/A and structure group Aff(G/A). Then there exists a simply connected solvable Lie group S, 
a lattice A of S and a finite regular covering map rr : S/A -+ M” such that G is a normal closed 
subgroup of S. S/G = Iw” and A = G n A. 
Thus M” is finitely covered by the solvmanifold S/A. 
Finally, note that if one is just interested in the finiteness of a covering. one can always assume 
the covering to be regular. This is a simple consequence of the group theoretical fact that if H 
is a group and HI a finite index subgroup of H, then there always exists a finite index subgroup 
I92 < HI which is also a normal subgroup of H. Applying this remark to the finite coverings 
S/A + M” + M’ -+ M, we see that the proof of Theorem 2.1 is complete. 
We turn to the proof of the second theorem of this paper: 
Theorem 2.2. For every closed infrasolvman~fold M there exists a compact,flat orbifold N w’ith 
the,following properties: 
(a) M admits a generalized Seifert,fibration over N; 
(b) M allows a bounded curvature collapse to N. 
Proof of 2.2(a). Let M = A\S be a compact infrasolvmanifold. Let R be the nilradical of S, 
that is, the maximal connected nilpotent normal Lie subgroup of S, and consider the quotient 
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group S/R. (In all what follows we tacitly assume that S is not nilpotent, since in this special 
case Theorem 2.2 will reduce to the known result that every infranilmanifold allows a bounded 
curvature collapse to a point.) 
Since the commutator subgroup [S, S] of the solvable group S is contained in the nilradical R, 
the quotient S/R is then an abelian Lie group of positive dimension. Moreover, since S is simply 
connected, S/R is simply connected as well, so that we can identify S/R with some Euclidean 
space Iw” . 
Let n : S + S/R be the projection homomorphism and let K be a finite group of automor- 
phisms of S such that A < S >a K. Then as R, being the nilradical of S, is invariant under all 
automorphisms of S, the action of K on S induces via n an action on S/R = IF!“. K might act 
on Iw” not effectively any more, but after dividing out the kernel ker K of this action, we obtain 
an effective action of the finite group K’ := K/ker K on IV. Then Iw” x K’ can be regarded as 
a closed subgroup of Iw” x O(n), and consequently, n : S -+ Iw” extends to a homomorphism 
n’ : S >a K + IF x K’ - Iw” XI O(n). 
Now n’(A) is a discrete cocompact subgroup of Iw” x K’. This follows from the fact that A n R 
is a uniform lattice of the nilradical R by [20, Th. 3.31, and therefore n(A f’ S) = n’(A n S) 
is a discrete cocompact subgroup of S/R [20, Th. 8.281. Thus, since Iw” >a K’ is cococompact in 
Iw” >a O(n), we see that n’(A) a crystallographic group. (Note that there is in general no reason 
why n’(A) should be torsion free.) 
Finally, consider the A-equivariant coset space projection S >a K/K = S + Iw” = IiT >a K’/ K’ 
of coset spaces that is induced by n’. Then in setting N := n’(A)\ilV, which is a compact flat 
orbifold, the corresponding quotient map M = A \ S --+ N constitutes the desired fibration of M. 
Note. It might be of interest to the reader that the natural fibration of infrasolvmanifolds A\S 
thus obtained is a Seifert fibration in the sense of Holmann [ 141, with typical fiber the nilmanifold 
R/A f~ R and structure group R . A/C*(R). 
The proof of the second part of Theorem 2.2 will now be given as follows: We first exhibit a 
distinguished sequence of collapsing metrics on any infrahomogeneous space A\G whose model 
G contains a nontrivial radical (which will prove Proposition 2.1 below). These metrics and the 
fibration just obtained then show that infrasolvmanifolds allow bounded curvature collapses to 
compact flat orbifolds. 
Proof of 2.2(b) and Proposition 2.1. Let M = A\G be a compact infrahomogeneous space 
which is modelled on a (connected and simply connected) Lie group G whose radical is nontrivial. 
Let G = R A S be a Levi decomposition of G, where R now denotes the radical of G and S is 
semisimple, and let 0 = 1: + B be the corresponding decomposition of the Lie algebra 0 of G. 
Denote by n > [t, IT] the nilradical of 0. 
Now set 00 := 0,0i := t, 02 := n. For i 3 3, define Lie subalgebras 0; of 0 inductively by 
0i := [02, g;-11. Then for some natural number k 3 2 gk is the center of the nilpotent Lie algebra 
02 and 02, . . . , gk iS its lower Central SerieS. (we assume that 0 > t # II, the most general case, 
because the subsequent considerations can otherwise be suitably modified in an obvious way.) 
The induced filtration of 0 thus obtained, 
0=00>01 ‘.. . ’ 0k ’ gk+l = to) 3 
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can now be used to construct the desired family of metrics on A \G = A \ G A K/K : 
Consider the action of the compact group K of automorphisms of G on G. which uniquely 
determines an action of K on g by Lie algebra automorphisms. Noting that each g, , i = 1, . . , k, 
is a characteristic ideal in g , we see that the above filtration is invariant under this action. 
Since K is compact, there is a K-invariant scalar product h on g. Let for i = 0, . , k, 
u, denote the orthogonal complement of gi+l in gi with respect to 6. Then from our filtration of 
g we obtain a direct sum decompostion of g into h-orthogonal subspaces: 
It is clear that this latter direct sum decomposition of g is invariant under K, too. 
For 0 < E < 1 now define a family of scalar products (h,)~,, : 1 on g in the following way: 
6 (X, Y) if X, Y E u,, i = 0, 1: 
h,.(X, Y) := 
( 
$’ ’ i (X, Y) ifX,YEu;.i=2 ,._.. k: 
0 ifXEu,.YEuJ, if,;. 
Then for each 0 < c: 6 1. lz, is also K-invariant, and by means of left translation the scalar 
products h, now define a K-invariant family (h,)cj,,il o f left invariant Riemannian metrics on G. 
It follows that A < G x K acts on G = G x K/K by isometries of the metrics h,., so that 
these descend to a family (ar)oCrS I of Riemannian metrics on M = A\G. 
From the construction it is clear that the diameters of the metrics gt are uniformly bounded by 
diam(g, ). while their injectivity radii tend to zero for E + 0. 
We now show that the sectional curvatures of the metrics (g6 )oci. i are uniformly bounded. 
First note that since the covering (G, h,) + (A\G. gc) is a local isometry. it is sufficient to 
estimate the curvatures of the left invariant metrics II, on G. 
For this recall from [2] that if h is any left invariant metric on a Lie group G. then the norm 
of its curvature tensor Rh, lIRhll = sup(IIRCX, Y)Zll 1 II-W = IIYIII, = llZll~l = 1). canbe 
estimated in terms of the commutator of the Lie algebra of S: 
IIRII 6 6. I[.. 4’ 
with ll[.. .lll = sup (Illx, Ylll 1 IIXII = IIYII = I}. 
Thus, to prove that the sectional curvatures of the family (gP) are uniformly bounded in absolute 
value, it is enough to show that for the scalar products h, . 0 < F 6 1, for all X. Y E g\{O} the 
expression 
IIIX. ylll: h,([X> Yl> IX, Yl) 
IlxlI~ll~ll~ := h,(X, X)h,.(Y, Y! 
is bounded by a constant which is independent of E. 
In setting hl = (. , -)I := (. , .) , and recalling that all gi are ideals in g. this can be seen 
as follows. If X E q) or X E ul. and Y 
I.X.YIE~~ =u;@...@q,sothat 
Il[X, ylll: II[X. Ylllf 
IlxllfllYII; = IIxII’JIYI/%-’ 
E u, , i > 1, which is the first case of interest, then 
< E2’ ’ II[X, Y]lI? IIIX, Ylll’ 
’ &I’ ‘IIx~~qY~~2 = IIXll21lYIl~ 
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Secondly, if X E ui , Y E uj and 1 < i 6 j 6 k, then by the nilpotency of g2 one has 
lx, yl E Bj+l = uj+l CB.. . 83 uk . Hence here it follows that 
IILX7 YIII,” II[X, Ylll,2 
]]X]]$]Y]],2 = P’&2’_ ]]X]]2]]Y]]2 
< 
~*‘lKx Y1112 2--’ II [X, Y] ]]2 II[XY Yll12 
&21-‘&2’-‘]]x]]2]]Y]]2 = @‘]]X]]2]]Y]]2 G ](X]]2]]Y]]2 . 
For the general case, let ((Xl , . . . , X,)) be an h 1 -orthogonal basis of g which is adapted to 
the decomposition JIJ = UI > u2 > . . . > uk in the sense that for every 1 = 1, . . . , n there exists 
i = i(1) E {l,... , k} with XI E u;. Then ((Xl , . . . , X,)) has these properties with respect to 
all h, , 0 < E 6 I. 
Nowforl,m = l,...,nset 
and let C > 0 be the maximum of these numbers. Then if X = C;‘=, a, XI , Y = C;i, b, X,,,I E 8, 
from the above estimates and the Cauchy-Schwarz inequality we obtain 
Thus we have shown that the sectional curvatures of (g,) F “<<<I are uniformly bounded. 
To finish the proof of Theorem 2.2(b), we specialize to the case where the infrahomogeneous 
space in question is an infrasolvmanifold M = h\S: 
Let N be the compact flat orbifold of 2.2(a) over which M = A\S = A\S x K/K fibres. 
Then from the construction of the fibration rr : A\S + N = n(A)\S/R (where R here now 
denotes the nil-radical), whose typical fibre is the compact nilmanifold R/R f? A Z RA/A, and 
from the definition of the metrics g, it is clear that for E + 0 the diameters of all fibres converge 
to 0 and that the family (M, g?) is Hausdorff convergent to N. 
Thus the proof of Theorem 2.2 is complete, and for general infrahomogeneous spaces we have 
shown the following: 
Proposition 2.1. Let M = A\G be a compact infrahomogeneous space which is modelled on 
a Lie group G whose radical is nontrivial. Then on M there exists a family (gc.)~<Eil of locally 
homogeneous Riemannian metrics with uniformly bounded curvatures and diameters, such that 
for E + 0 the injectivity radii of the metrics g, converge to zero. 
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What can be said about the structure of the Hausdorff limit X of general non semisimple 
infrahomogeneous spaces? Do we have a fibration of M over X as in Theorem 2.2? 
These questions are not yet settled and will be dealt with elsewhere. We expect the limit spaces 
X to carry the structure of an infrahomogeneous Riemannian orbifold, but it is not clear whether 
always a canonical fibration exists. This difficulty stems from the fact that the intersection I- fl N 
of a lattice r < G in a general Lie group of the above type with the nilradical N of G is not 
necessarily a lattice in N. 
Since often no rigorous distinction between infrahomogeneous spaces and manifolds which 
are finitely covered by homogeneous manifolds is being made, some readers might argue that 
Theorems 2.1 and 2.2 already proved Conjecture 0.1. To close this section, we would like to give 
an evidence why this conjecture still remains open, which also shows that in the smooth category 
this distinction is necessary: 
Example 2.1. There exist closed smooth manifolds M which are,finitely co\!ered by a standard 
torus, but which are neither diffeomorphic to an infranil-, nor a solv-, nor a complete,flat afine 
marCfold. 
To see this, let n E N be a natural number such that in dimension n there exist exotic spheres, i.e., 
smooth manifolds that are homeomorphic, but not diffeomorphic to the standard n-dimensional 
sphere S” = {x E II??+’ 1 Ijx)I = 1). Let C” be such a fake sphere and consider its connected 
sum M := T”#C” with the (standard) n-dimensional torus T” = IW/Z”. Then it is known from 
differential topology (see[6]) that M is homeomorphic, but not diffeomorphic to T”. However, if 
we take a finite covering M’ of M whose number of sheets is equal to the order of the group of 
exotic n-dimensional spheres, then M’ is diffeomorphic to T”., so that M is finitely covered by 
the standard torus. 
But since the diffeomorphism type of compact infranil-. solv- or complete flat aftine manifolds 
i:s uniquely determined by their homotopy type. it is impossible that M be diffeomorphic to one 
of these spaces. 
3. Bounded curvature collapses and topological manifolds 
In this section we will be concerned with bounded curvature collapses of topological mani- 
folds. As was already alluded to in the introduction, we think of the results presented here as being 
rnainly of an intermediate nature, but already providing guidelines for the smooth case. 
We begin with the topological characterization of infrasolvmanifolds by bounded curvature 
collapses: 
Proposition 3.1. A closed topological manifold M admits an infrasolv structure ifand only if it 
allows a bounded curvature collapse to a compact,pat orh{fold. 
Proof. Because of Theorem 2.2, it is sufficient to show the following: 
A closed manifold M which allows a bounded curvature collapse to a compact flat or&fold is 
homeomorphic to an infrasolvmanifold. 
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For the proof of this fact we can use the following result of [23], which also follows from 
Theorem 2.1: If a closed manifold M allows a bounded curvature collapse to a compact flat 
orbifold, then M is aspherical and the fundamental group nl (M) of M is (torsion free) virtually 
poly-z. 
Thus let M allow a bounded curvature collapse to a compact flat orbifold N and let A := nl (M) 
be the fundamental group of M. Then because of the result of Auslander and Johnson (Lemma 1.2), 
there exists a closed infrasolvmanifoldM* with fundamental group rrl (MA) = A = ni (M). 
As Eilenberg-McLane spaces K (A, l), M and MA are homotopy equivalent. If now 
dim M # 3, then by applying the theorem of Farrell and Jones (Theorem 1.1) it already fol- 
lows that M and h4~ must be homeomorphic. 
It remains to consider the case when M is three-dimensional. We have to distinguish three 
cases, according to the dimension of the limit orbifold N to which M collapses: 
If N is two-dimensional, it follows from Proposition 1.1 that N is diffeomorphic to an infranil- 
manifold. The same is true by the Gromov-Ruh almost flat manifold theorem for the case where 
N is a point. 
Thus we are reduced to the situation where M is three-dimensional and the orbifold N has 
dimension 1. In this case N is either a circle or a closed interval I with one, two, or no reflector 
points. Then from Fukaya’s theorem for orbifold limits [8] we see that M is either a bundle over 
S’ with fibre the torus or Klein bottle, or M is the union of two twisted Z-bundles over the torus 
or Klein bottle. 
Furthermore, from Theorem 2.1 it follows that a finite covering of M is diffeomorphic to a 
solvmanifold. 
With this information on M at hand, we can now apply results on the geometries of 3-manifolds 
of P. Scott [22] which yield that M must be flat or possess a geometric structure modelled on 
Nil or Sol. 
It follows that M is diffeomorphic to an infrasolvmanifold, so that the proof of Proposition 3.1 
is complete. 
Let us turn to the stability of infrasolvmanifolds under Hausdorff convergence. 
Proposition 3.2. Let a closed topological manifold M allow a bounded curvature collapse to a 
closed manifold carrying an infrasolv structure. Then A4 itself admits the structure of an infra- 
solvmanifold. 
This result is somewhat surprising in so far as one would expect from the almost flat manifold 
theorem and Theorem 2.1 that the class of closed manifolds allowing a bounded curvature collapse 
to a prescribed class of limit manifolds is always strictly bigger than the class of limits. 
The proof of Proposition 3.2 will follow the same pattern as the proof of Proposition 3.1. In 
fact, as infrasolvmanifolds of dimension less than three are necessarily flat, the reader may verify 
by an examination of the argument given above that Proposition 3.2 will be shown to be true once 
one has established the following fact: 
A closed manifold which allows a bounded curvature collapse to a compact infrasolvmanifold is 
aspherical with fundamental group virtually poly-Z. 
To show this, let (gk)keN be a sequence of Riemanian metrics of uniformly bounded curvatures 
262 W Txwhnli~nn 
on the closed manifold M such that for k + 0~1 the metric spaces (M, gk) converge to some 
infrasolvmanifold N with respect ot the Hausdorff distance. 
Then by Theorem 1.2, M is a fibre bundle over N with infranilmanifold fibre F. Now apply 
the homotopy exact sequence 
. + rrj(F) -+ r,(M) +. xi(N) + irr m,(F) ---f . 
of the bundle F --+ M + N to M, which yields the following: 
First. since F and N are aspherical with universal coverings diffeomorphic to Euclidean spaces, 
M must also be of this kind. Then since the fundamental groups of aspherical spaces are torsion 
free. we see that A := rl (M) has no torsion. Finally, A satisfies the short exact sequence 
1 4 n,(F) + A + n,(N) + 1. 
In this sequence the fundamental group of the fibre F is (torsion free finitely generated) virtually 
nilpotent and the fundamental group of N is virtually poly-Z. 
Now using the fact that the class of polycyclic groups is closed under extensions and that a 
polycyclic group is virtually poly-Z [20]. one may easily verify that A = ~1 (M) is virtually 
poly-Z;, too, so that Proposition 3.2 is proved. 
An equally unexpected result, but immediate consequence of the above propositions is the 
following: 
Corollary 3.1. [fa closed topological manifold M allows a bounded curvature collqse to a closed 
marCfold carrying un infrasolv structure, then M also allows a bounded curvature collapse to a 
compact,flut orbifclld. 
4. Remarks and questions 
The main question we are left with is of course the one whether one can improve Theorem 2. I to 
the following extent: 
(1~17 rune short that a closed smooth manifold M which allows a bounded curvuture collapse to a 
c~ompactjlut orbqold is diffeomorphic to un inj&olvmanifoid A\S? 
For dim M 6 3 this is true by Proposition 3.1. since in these dimensions differentiable struc- 
tures are unique. Supporting evidence is further given by Proposition 1.1, which shows that this 
is also true for limits of codimension 1. 
However, in view of the results of section 3 and Example 2.1 it is clear that a proof of Conjec- 
ture 0.1 will have to rely on direct geometrical instead of topological arguments, for instance, on 
a Ruh-Ghanaat approach via Cartan connections (see [21, lo]), and, above all, have to rely on the 
special metrical structure of the limit space. (Note that since the proof of Theorem 2.1 employs the 
result of Iwamoto which is of a purely topological nature, it cannot make full use of the flatness 
of the limit.) 
The second topic we would shortly like to touch upon centers around a conjecture which has 
emerged from 1977 work of J. Milnor [ 171: 
Recall that a complete flat affine manifold stands for a quotient of affine space Ps” by a properly 
discontinous action of a discrete torsion free subgroup of the group Iw” >a G L(n, 8%) of affine mo- 
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tions of Iw”. These spaces have been extensively studied (see for example the recent paper [ 13]), 
and there is a close connection between them and infrasolvmanifolds: 
In 1989, Y. Kamishima [ 161 proved that every closed complete flat affine manifold whose fun- 
damental group is virtually poly-Z is diffeomorphic to an infrasolvmanifold. Hence Theorem 2.2 
holds for all such manifolds as well. In particular, any such manifold Seifert fibres over and allows 
a bounded curvature collapse to a compact flat orbifold. 
Now there is the following long standing conjecture in the field: Let M be a closed complete 
flat affine manifold. Then the fundamental group of M is virtually poly-Z. Thus by Proposition 3.1 
(and Lemma 1.1) one can decide whether this conjecture is true or not by studying the following 
question: 
Does every closed complete$at afine manifold allow a bounded curvature collapse to a compact 
Jlat orbifold? 
Finally, a word has to be said about the history of Theorem 2.1 and Proposition 3.1 of this paper 
and their connection with [23] and other investigations, because both are somewhat convoluted: 
In 1986, K. Fukaya conjectured Theorem 2.1 in [7]. In this paper he also claimed that the 
converse of Theorem 2.1 would be true by stating that any manifold which is finitely covered 
by a compact solvmanifold-i.e., any manifold which is weakly infrasolv-allowed a bounded 
curvature collapse to a compact flat orbifold. (Note that Example 2.1 of this paper now implies 
that this original claim of Fukaya is false.) 
In 1989, X.W. Peng [ 191 then proved the following: If a sequence Mk of compact m-dimensional 
Riemannian manifolds with uniformly bounded curvatures is Hausdorff convergent to a circle S’ , 
then, if m # 4, (for sufficiently large k) A4k is homeomorphic to an infrasolvmanifold in the 
weak sense. Peng also gave an explicit proof of the fact that any compact solvmanifold allows a 
bounded curvature collapse to a flat torus. 
In 1990, it was claimed by Fukaya in another paper, [9], that any infrasolvmanifold allowed a 
bounded curvature collapse to a compact flat orbifold (which is now Theorem 2.2(b) of this paper). 
In 1993, the author ([23]) first improved Peng’s result to the following one: If (Mk) is a Hausdorff 
convergent sequence of compact m-dimensional Riemannian manifolds with uniformly bounded 
curvatures whose limit is a compact Jlat manifold, then the Mk are homeomorphic to infrasolv- 
manifolds in the weak sense. In that paper, however, also a definition of infrasolvmanifolds was 
adopted that didn’t distinguish between infrasolvmanifolds and manifolds being weakly infrasolv. 
This result was in [23] then further extended to compact flat orbifold limits and, taking Fukaya’s 
original 1986 claim for granted, we there arrived at Proposition 3.1 of this paper for infrasolvmani- 
folds in the weak sense. (Now, as there is in the topological category basically (i.e., except possibly 
in dimension 3) no difference between infrasolvmanifolds and manifolds being weakly infrasolv, 
our older version of Proposition 3.1 is after all justified by Theorem 2.2 of the present paper.) 
Finally, with T. Iwamoto’s [ 151 recent study of special nilmanifold bundles over tori, yielding 
by Fukaya’s fibre bundle theorem that if (Mk) is a Hausdorff convergent sequence of compact 
m-dimensional Riemannian manifolds with uniformly bounded curvatures whose limit is dif- 
feomorphic to a torus, then finite coverings of the Mk are diffeomorphic to solvmanifolds, we 
were now able to prove Fukaya’s conjecture, the present Theorem 2.1. Example 2.1 clarified 
the situation as a whole and showed that the correct formulation of the problem is given by 
Conjecture 0.1. 
264 WI Tuschmunn 
References 
[ I] L. Auslander and F.E.A. Johnson, On a conjecture of C.T.C. Wall, J. London. Math. Sot,. 14 (1976) (2) 33 l-332. 
[Z] P. Buser and H. Karcher, Gromov’s almost flat manifolds. AstPrisqur 81 (1981). 
131 J. Cheeger and M. Gromov, Collapsing Riemannian manifolds while keeping their curvature bounded. 1, J. U# 
Geom. 23 ( 1986) 309-346. 
141 ET. Farrell and W.C. Hsiang, Topological characterization of tIat and almost flat manifolds M” (II # 3.4). Amer: 
J. Marh. 105 (1983) 641-672. 
[S] F.T. Farrell and L.E. Jones, The surgery L-groups of poly-(finite or cyclic) groups, Im: M&k. 91 (1988) SS9-586. 
161 F.T. Farrell and L.E. Jones, Classical Asphericul Mun$tild~. Expository Lectures from the CBMS Regional 
Conference Series held at the University of Florida, January 9- 14. 19X9, CBMS Regional Conference Series No. 
7.5 (Providence, Rhode Island, 1990). 
171 K. Fukaya, On a compactification of the set of Riemannian manifolds with bounded curvatures and diameters, 
in: Lwture Notes in Marhemarics 1201 (Springer, Berlin. 1986). 
[X) K. Fukaya. Collapsing Riemannian manifolds to ones with lower dimensions II. ./. M&h. Sot. ./q,trn 41 (2) ( 1989) 
333-3.56. 
[9] K. Fukaya, Hausdorff-convergence and its applications. in: T. Ochiai, ed., Rrwnr Epks rn D<ferentiu/ und 
Analyfic Geomefq (Komokumiya, Tokyo, 1990). 
[IO] P. Ghanaat, Geometric construction of holonomy coverings for almost flat manifolds, ./. Dift: Gram 34 ( 1991) 
57 l-580. 
( I I] M. Gromov, Almost flat manifolds. J. Di# Geom 13 (197X) 23 l-733. 
[ 121 M. Gromov, Structures Mktriquespour Irs VuriCrls Riemannirnnes. RedigC par J. Lafontaine and P. Pansu. Textes 
MathCmatiques 1 (CEDIC-Nathan. Paris, 1981). 
[ 131 F. Grunewald and D. Segal, On affine crystallographic groups, J. Difl Geom. 40 ( 1994) 563-594. 
[ 141 H. Holmann, Seifertsche Faserrgume, Murh. Ann. 157 (1964) 13X-166. 
[IS] T. Iwamoto, Manifolds collapsing to a torus, Preprmt. 
[ 161 Y. Kamishima. Properly discontinous actions of subgroups in amenable algebraic groups and its application to 
affine motions, Topol. Appl. 19 (1985) I X9-199. 
[ 171 J. W. Milnor. On fundamental groups of complete affinely flat manifolds, Adv. Math. 25 ( I9771 17X-l X7. 
[IX] P. Pansu, Effondrement des variCtCs Riemanniennes d’aprks J. Cheeger et M. Gromov. Sem. Bourbaki 36 ( 1983). 
AsrCrisque 121 (1985) 63-82. 
[ 191 X.W. Peng, Collapsing Riemannian manifolds to the circle, M&h. Z. 202 (1989) 2X9-298. 
[20] M.S. Raghunathan, Discrete Subgroups oj’Lie Groups (Springer, Berlin--Heidelberg-New York. 1972). 
(2 I] EA. Ruh, Almost flat manifolds, J. D@ Geom. 17 ( 19X2) l-14. 
1221 P.Scott, The geometries of 3.manifolds, Bull. London Math. Sot. 15 (I 983) 40 11187. 
1231 W. Tuschmann, Hausdorffconvergence and infrasolvmanifolds, in: T. Kotake, S. Nishikawa and R. Schoen, eds., 
Geomern’ and Global Ana(vsis, Report of the First MSJ International Research Institute, July 12-23 (Tohoku 
University Sendai, Japan, 1993) 3X7-397. 
[24] W. Tuschmann, Zur Geometrie von lnfrasolvmannigfaltigkeiten, Dissertation. Ruhr-Universitgt Bochum. 1993. 
[?!S] C.T.C. Wall. Surgeg on Compucf Man$i~/d.s (Academic Press, London, 197 I ). 
